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THE SINGULAR LIMIT OF
A VECTOR-VALUED REACTION-DIFFUSION PROCESS

LIA BRONSARD AND BARBARA STOTH

ABSTRACT. We study the asymptotic behaviour of the solution to the vector—
valued reaction—diffusion equation

1.~
edrp —elp+ —W () =0 in Qp,
€

where e = ¢ : Qp := (0,T) x 2 — R2. We assume that the the potential W
depends only on the modulus of ¢ and vanishes along two concentric circles.
We present a priori estimates for the solution ¢, and, in the spatially radially
symmetric case, we show rigorously that in the singular limit as ¢ — 0, two
phases are created. The interface separating the bulk phases evolves by its
mean curvature, while ¢ evolves according to a harmonic map flow on the
respective circles, coupled across the interfaces by a jump condition in the
gradient.

1. INTRODUCTION

In this paper, we study the singular limit of the vector—valued reaction—diffusion
equation for ¢, = ¢ : Qr := (0,T) x Q@ — R2,

1 -
edrp —elNp + EW#,(cp) =0 in Qp,

with Neumann condition on (99)r, where Q is a smooth bounded domain in R™, n >
2. We assume that the potential W depends only on the modulus of ¢, that it is
smooth, that it vanishes along two circles and that it is positive elsewhere. A typical
example is given by W(p) = (|¢| — a)?(b — |¢|). In the singular limit as ¢ — 0,
one expects the domain  to be divided in bulk regions where || is close to a or b.
We present a priori estimates for the solution ¢ and, in the radial case, we prove
that the interfaces separating the bulk regions evolve normally according to their
curvature as € — 0. Moreover we establish the diffusion equation satisfied by ¢ in
the bulk regions as € — 0, coupled across the interfaces by a jump condition in the
gradient. This jump condition is new and was not previously derived in the formal
asymptotic analysis of this system (cf. [RSK]).

Rubinstein, Sternberg and Keller [RSK] introduced this vector—valued reaction—
diffusion equation for ¢ € RN, N > 2, to model certain chemical reactions. Indeed
in chemical reactions, the (nonconserved) order parameter ¢ represents a vector of
concentration of reactants, and the law of mass action leads to the above reaction—
diffusion equation with the potential W vanishing on one or more manifolds. In
their paper [RSK], Rubinstein, Sternberg and Keller presented formal asymptotic
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expansions when the potential vanishes on two manifolds. Convergence proofs were
given in [RSK] and [C] when the potential vanishes on one sphere, and in [CS] when
it vanishes on a general connected manifold. In fact, Chen [C] and Chen—-Struwe
[CS] used this parabolic system to study existence and singularity formation of the
harmonic map flow when the target manifold is respectively a sphere and a general
connected manifold.

We study rigorously the radial case with ¢ € R?, and with a potential that only
depends on the modulus |¢| and vanishes on two concentric spheres. We always
assume that the energy is initially bounded (cf. (A1)). We choose initial data that
lie strictly in one half plane (cf. (A2), (A3) and (A4)). We may then represent
¢ through wu(cos f,sin f), where u is the modulus of ¢ and f is the polar angle,
and rewrite the problem for ¢ as a system of equations for v and f (cf. Section
2, equations (E2) and (E3)). By standard techniques a subsequence of u = u.
converges to a limit ug (cf. Remark 3.2). We also show that a subsequence of
f = fe converges to a limit fo (cf. Lemma 3.5).

The results of Rubinstein, Sternberg and Keller [RSK] suggest that the interfaces
I’ separating the regions 2, and 2, where ug is either a or b, evolve normally by
their curvature. We prove this result in the radial case by presenting the conver-
gence of (E2) to a weak formulation of curvature flow (cf. Section 5, Proposition 5.2
and Theorem 5.5). In addition, the results in [RSK] suggest that the limit fo of the
angle f satisfies a harmonic map flow in the bulk phases. We rigorously verify this
assertion in the radial case by passing to the limit in the equation (E3) satisfied by
f (cf. Section 6, Theorem 6.3). We show that fj is a generalized solution of

ugﬁtfo — div (u%Vfo) =0.

This equation couples the harmonic flow 0;fy — Afy = 0 in the bulk regions ,
and €, to the jump condition

[U%Vfo]‘r v=20

on the interfaces I'. This condition, which was not explicitly derived in [RSK],
arises as a byproduct of our analysis. Of course, with the benefit of hindsight, one
can formally derive this jump condition, and we include a brief description of this
formal derivation in Remark 6.5 in the context of [RSK].

To prove these results, we extend the energy method developed in [BSt], which is
based on ideas introduced in [BK1, 2] and [St1, 2] to treat scalar—valued reaction—
diffusion equations. One advantage of the energy method is that it does not rely on
comparison principles (e.g. the maximum principle), and in this paper we show that
we can extend it to treat systems. The new feature of the method, once specialized
to (E1), is the derivation of the necessary a priori estimates on the solutions u and
f (cf. Section 3, Lemma 3.4, Lemma 3.6 and Lemma 3.8, and Section 4, Proposition
4.1), but the underlying principles of the method remain unaltered. In particular
we prove that u. is well approximated by a stationary wave solution as in the case
of the scalar Allen—Cahn equation. Our main result is contained in the following
theorem.

Theorem. Let W be a smooth double well potential satisfying (W1) and (W2) of
Section 2. Let ©° = ul(cos f0,sin f0) be a smooth, radially symmetric function
satisfying (A1)-(A4) of Section 3, and for any € > 0 let . = uc(cos fe,sin f.) be
the smooth solution of equation (E1) of Section 2 with Neumann condition on the
spatial boundary and initial values 0.
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Then there exist a subsequence e — 0 and limits uy € L*(0,T; BV (Q))NBV (Qr)
and fo € L°°(Qr) N L0, T; HY2()), such that u. — ug in L*(Qr) and f- — fo
m Ll(QT).

The order parameter ug takes only the values a and b almost everywhere in Qr,
and the free boundary d{ug = a} consists of a collection of graphs R : [t/,T7) —
(0,1) of class H*([t?, T7)) that evolve according to their curvature:

loc
d . n—1
SR
dt R
The limit angle fo satisfies a harmonic map flow in bulk, a jump condition on the

interface d{ug = a} and a Neumann condition on the boundary:

ud; fo — div(uiV o) =0 in the sense of Theorem 6.3.

in (t7,T7).

Next, we remark on the hypothesis of radial symmetry, which is essential for our
approach. At the present time there are few analytical methods for treating non-
radial problems, and in fact we know of no method which has been used for rigorous
analysis of singularly perturbed systems such as (E1). Moreover, our rigorous radial
results already give a more profound understanding of the formal asymptotic results
in [RSK]. In fact, by interpreting the limiting problem in an analytically rigorous
way (as a weak solution) we were able to identify the correct jump condition, which
their formal analysis did not reveal.

Finally, if the potential W vanishes on two manifolds but does not have the
symmetry assumed here, the results in [RSK] suggest that the interfaces will still
evolve by their mean curvature, while the bulk flows will be given by harmonic
map flows taking values in each manifold. However it is not known (even formally)
how the flows in the bulk regions are coupled across the interfaces. We expect the
following: define the distance between the two manifolds as in Sternberg [S1]. It is
given by the minimal energy of stationary waves connecting pair of points on the
manifolds (see [S2], [BR]). If there is exactly one stationary wave of minimal energy,
we expect that the boundary values of the bulk flows at the interface will coincide
with the endpoints of this stationary wave. On the other hand, if the distance
between the manifolds is attained at a continuum of points (as in the radially
symmetric case), then we expect that there will also be a jump condition in the
gradient across the interface. In order to prove this result, the order parameter
o must be decomposed into a quantity that determines the interface, and another
quantity that determines the bulk flow. In the present paper this is achieved by
representing ¢ as u e’/ .

2. FORMULATION OF THE PROBLEM

Let Q C R™ be a bounded domain with smooth boundary, 7' > 0 and Qp :=
(0,7) x €.
We always assume that

0e=9¢:Qr — R2
is a smooth function that satisfies

1.~
(E1) e —elp + EW)@(w) =0 in Qp,

with Neumann condition on (9Q)7 and with initial values (0, ) = ¢° = ¢0, that
we assume to lie strictly in the right half plane.
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We make the following assumptions on the potential W:
(W1) W () = W(le),

where |- | is the euclidean norm and W : (0, 00) — [0, 00) is a smooth function that
vanishes exactly at a and b;

(W2) W' vanishes exactly at a, b and some d € (a,b).
A typical example is W()\) = (A — a)?(b — \)?, in which case d = (a + b)/2.
Lemma 2.1.

max || < max(b,sup |¢°|).
Qr Q

If @ > 0 in Q, then

min a3 > min cp_(f,
ar ol 7 [¢
and
min ¢; > min (¢! a_go(l)).
piner = min (21 1y,
Proof. We again introduce u := || and e := I%I (then e; = %), as long as || does

not attain zero. Then u satisfies the differential equation
Ou — ANu+ E%W’(u) = —u|Ve|?,
and e satisfies
u?dre — div (u?Ve) = eu?|Ve|?.
The first claim now follows from the maximum principle for the first equation. The
second follows because
M = {(u,e) | e1 > ¢p and p1 = uey > c1}

is an invariant region for the above flow. Here ¢g > 0 and 0 < ¢; < acg, where a
is the first minimum of W (cf. W2). As a consequence u = |p| never attains zero,
and thus e is a well defined quantity in all of Qp. In addition, ¢ ranges stricty in
the right half plane. O

Remark and Formulation 2.2. Assume that the initial data satisfy ¢9 > 0 in Q.
Since by assumption and as a consequence of Lemma 2.1 ¢ remains strictly in
the right half plane, it follows that u. = u = |¢| and e. = e = ﬁ are well defined
and e only ranges in the right half-sphere.
Thus there exists a smooth lift f. = f: Qp — (—%, %), such that
» = u(cos f,sin f).
By direct calculation, using the fact that d;e - e = 0, we get
Vu-Ve=(Vu-Vf)-et and Ae=—|Vf[ e+ Afet.
The terms in the equation for ¢ become
Oy = Oru € 4+ u Oe,
Ap = Au e+ 2Vu- Ve +ulle,

W«p(‘ﬁ) = W' (u)e.
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Taking the inner product of equation (E1) with e and uet resp., we find for (¢t,z) €
Qr the system

E2 Eatu—EAu—l—aquz—i—lW'u =0,
£

(E3) w0, f — div(u®Vf) =0,

together with Neumann conditions for u and f on the boundary (02)r, and initial
conditions u? = u® := |¢°| and f0 = f°, where u® and f° are defined through

0% =u® (cos f° sin f0).

3. ESTIMATES

We define the energy
€ 1
Bule)i= [ (51962 + 2w )
Q 3
where we adopt the notation |Ve|? = 3, [Ve;|? and |9,0]> = 3, |0

Assumptions on the initial data. We assume that the initial data ©? are given
in the form u?2(cos f2,sin f2) and that there exist Cp and cg, such that for all e,

(A1) E-(?) < Co,

(A2) inf ul(z) > co,
Q

(A3) supu(z) < Co
Q

and

(A4) sup |f2(x)] < .
5 2

Throughout this paper we will denote by C' any constant that only depends on n,
Q, T, W as well as on ¢y and Cj.

Remark 3.1. Since E. is a Lyapunov functional for equation (E1), we conclude that
(A1) is satisfied also at any positive time ¢t < T' and

ta
=0
t

1

to
(energy bound) 6/ / |0sp<|? d dt + E.(pe)
t1 Q

for all 0 < t; <ty <T. We note that in terms of u. and f. the energy becomes
Bulo) = [ (5 (9u +29LE) + () o
and
/Q |0 |? do = /Q (|8tu5|2 + ug|8tfs|2) dzx.

Lemma 2.1 implies that (A2)—(A4) are satisfied for any positive time ¢ < T'. Thus
we have uniform L*°-bounds for E.(p.), ue, u% and f..
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Remark 3.2 (Compactness of u.). The energy bound implies that

T
// |0rg(ue)| dxdt  and sup/ [Vg(ue)| dx
0o t Ja

are uniformly bounded, where g is defined by ¢’(\) = /2W(\) and ¢(0) = 0.

(This follows from (9, V)g(ue) = +/2W (ue)(d, V)ue and the Cauchy—Schwartz
inequality.) Thus we may select a subsequence € — 0, such that

Ue — Ug pointwise and strongly in Ll(QT),
(0, V)g(us) — go(0, V)ug in the weak * topology of (C°(Qr))’,
where go := g(b) — g(a).
We restrict any further discussion to this particular subsequence.

Lemma 3.3. ForanyT >ty >t >0

ty

CEE(SDE)

< —
52

ta
t

3
5 [ oo oo
Q

1 to

Proof. We differentiate the equation (E1) for ¢, with respect to ¢, multiply by 0y,

and integrate:
ta t2
+s/ / |0:V o |? da dt
t1 ty Q

€ 2
2/Q|3t<ﬂs| dx
1 [t 7 2 / 2
— _g (W (u5)|(9tu5| +uW (u€)|6tf5| )d/xdt
t1 Q

Then we use the energy bound and the boundedness of u. and its inverse to con-
clude. O

T
//u§|st|2da:dt§O.
0J/Q

Proof. Since g(u.) is uniformly bounded in BV (1) and g is monotone increasing,
b—a

we conclude that for some A; € (a + bfTa, b — 27%) the step function

L )a if ue < A,
X0 ifwe > A

Lemma 3.4.

is uniformly bounded in BV (Qr). We multiply the differential equation (E3) by f.

and integrate:
T 1 T
[ [awspaa == [ [ oszaa.
0/ 0Ja

We write u2 in the term on the right hand side as x? + (u2 — x2). We integrate
the x2—term by parts and find that the result is bounded as a consequence of the
estimates of Remark 3.1. Moreover we note that

u2 — x2| < Clue — x| < CV/W (ue).
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Thus the term with the difference u2 — 2 can be estimated by

C <§ /OT/Q W(ug)dxdt>% (a/OT/QWthFdxdt)%

and is therefore bounded. This yields the result. O

Lemma 3.5 (Compactness for f.). We may select a further subsequence such that

fe — fo  pointwise and in L*(Qr),

Vf. — Vfo weakly in L*(Qr).

Proof. We use the same auxiliary function x. as in the proof of Lemma 3.4. We
approximate x. by a smooth function y. such that

T T
/ /|(8t,V)>25|dxdt§2/ /|(8t,V)X5|dxdt,
0 Q 0 Q

T
/ /|X5—)~(5|d$dt§€.
0 Q

The differential equation for f. implies that
Oe(X2fe) = Oux2fe + (X2 — u2)Oefe + div (u2V f2).

In order to prove the compactness, we follow ideas of Alt and Luckhaus [AL]. We
use the fact that we have good control of 9;(x2f.) in some weak norm, and good
control of V(x2f.) in some strong norm.

We first show that for any max(2,n) < p < o0

and

T—h
(%) /O I(R2f)(E 4 hy) = (R2f) () w107 (g dE < C - b
For this we note that the term in question is equal to

T—h t+h
/ sup / / ((&)ngs + (5@ — u?)@tfs) ¢ — ugis . VC) dx dt dt.
0 <1Ja Jt

€122 0y

Since p > n and p > 2, we may estimate this by

T—h t+h
/ / / (02| + | — u2)ufe] + [V £.I?) da drdt.
0 t Q

We then proceed as in the proof of Lemma 3.4, using the estimates on d;X. and on
fe to obtain ().

Next we use the following interpolation inequality: Assume that 1 < p < oo.
Then there exists some C' > 0 such that for any smooth function w and any positive

p
1
||w||L1(Q) <C P||Vw||L1(Q) + ; ||w||w—1,p'(n) + p||w||L°°(Q) .

For a proof of this interpolation inequality we refer to [Lu].
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We apply this to w = (X2f:)(t+ h, ) — (X2f:)(t,-), integrate in time and use the
above estimate () as well as the bound on Vx. to conclude that

T—h h
/ / (2 )t + o) — (B2t x)| dedt < Clp+ ).
0 Q p

We choose p = Vh.

We now may use the Kolmogorov theorem to deduce that Y2 f. is precompact in
L', and thus that there exists a further subsequence such that x2f. converges in
L' and pointwise. Since Y. is an L'-approximation of u. and bounded below, and
since u. converges pointwise (cf Remark 3.2), we infer that f. itself has a pointwise
limit. Using Lemma 3.4, we may as well assume that V f. converges weakly. O

Lemma 3.6. Assume that Q is the unit ball and that the initial data ¢ are radially
symmetric. Then for all T >ty >t >0 and all1>7r >0

c h
n—1 (EE(‘PE) +E3/ |3t<p€(t1,x)|2 d;v)
T to Q

Proof. We integrate (E3) over the set {r < || < s} and then take the mean value
over s € (r,r +0):

2
2l fl(ta,r)? <

2
o™ V2 £, 7) 2 = | / (W2 £t ) - - dH ()
|z|=r

||

1 e 2 n—1
g(E/T /z_s(uE|st|)(t2,x)dH () ds

1 r+0 9
+S/ / (u2|0: f<|)(t2, @) d:cds>
r r<|z|<s

<y (% [t [ (0Pt dx).

But u, is uniformly bounded in L>°(Qr), so that (due to the energy estimate) the
first term is uniformly bounded in time by %, and by Lemma 3.3

C
[ @hof Pt ) de < 5 By + = [ 0pe(tr,) e
Q Q

Thus choosing 75 = E%Eg(goa)ﬁ; + & [ [0spc|* (t1, @) da proves the lemma, since u.
is uniformly bounded below. O

Remark 3.7. As a by-product of the above proof and Lemma 3.4 we obtain
T
c 1
2 012
/0 [uZ fL1(t, r) dt < T e
by choosing § = +/z.

Lemma 3.8. Assume that Q is a ball and that the initial data are radially sym-
metric. Then

T, 1 /T1
5// Ve [2r™ =3 dr dt + —// W (||)r™" 2 drdt < C.
070 €JoJo
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Proof. The differential equation (E1) written in the radial variable reads

n—1

e0rpe — E‘Pls/ - e+ Wsa(‘Pa) =0.

n—2 ./

We multiply this by —r" 2., 1ntegrate the resulting identity over (0,s) C (0,1)
and finally integrate by parts. This yields

n [* € n—2 [°
eZ / ()23 dr 4 S| P52 + 22 [ W dr
2 0 2 & 0

1 S
= —W(u)s" 2 + 6/ Oppplr™ 2 dr.
€ 0
We use Hélder’s inequality for the last term, and obtain

n—1 [* _
S | e

1 S
< —W(ug)s" 2 + 5/ |0s 0| ?r 1 dr.
€ 0

V3 dr

Now we take the mean value of the right hand side over s > 1 5 and bound the left
hand side from below by the integral over (0 , and obtain

n—l/ /
< 2/ / —W (ug)s™ 2 dsdt—i—g/ / |Ospe|*r"drdt < C.
o Ji € o Jo

This implies the assertion of the lemma. O

"3 drdt

4. DEFINITION OF THE e—INTERFACES
AND AN APPROXIMATION OF THE SOLUTION

In this and all the following sections we will assume that the domain £ is the unit
ball and all functions are radially symmetric. We will denote by ’ the derivative
with respect to the radial variable.

The energy E.(¢:) is a uniformly bounded and decreasing function of time.
Therefore a subsequence E.(p.) converges pointwise to a limit Ey, which is also
decreasing. So for any n > 0, the set

N(n):={te (0,T)|ess ;réftEO( s) — ess SlipEO( s) > n},
S
which is the set of points where Ey has a jump of at least height 77, is finite.

Let ceri¢ be a small positive number and a < A, < d < At i+ < b two level

values such that in particular

W(A) > cerip for all AL, < A < AL

Ccri Ccri

crit?

and such that c..iy and d — A, and A} ., — d are as close to zero as required in
Proposition 4.9 and Proposition 4.10. (We recall that d is the maximum point of
W in the spinodal region and was introduced in hypothesis (W1).)

Proposition 4.1. For any % > Ro > 0 there is an n(Ro) such that for any 0 <
to ¢ N(n(Ro)), there exist To = Ty(to, Ro) and g9 = €o(to, Ro) such that

sup ||62|u'5|2 2W (u, HLOO Ro1) (t) < Cerit for all € < &q.
o—To<t<to+Ty
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Proof. If0 < to ¢ N(n), then there exists Ty = Ty (to,n) such that E.(pe) igt;ﬁ <

for all € < eg = go(to,n). To see this, define T. by Es(nps)ﬁgj_TiH =1 or, if there

is no such T;, by +00. Then by the definition of N(n) we find that T; is bounded
below. Define T to be this lower bound.

Let t € (to — 22ty + Tp).

We now use the differential equation (E1), written in the radial variable:

n—1 1.~
. oL + EW><P(§05> =0.

5815‘;05 - 5<Pg —€

Choose r > Ry arbitrarily. We multiply the above differential equation by ¢’, and
for any s € (R, 1) we integrate over either (r, s) or (s,r). Next take absolute values
and integrate over s € (Rp,1). Then we use Holder’s inequality and the bound on
the energy to arrive at

€216t =2 (2)| (2. 7)
<o) (- | <5|w5|2 T lW(mn) d + ( [ 1oneae | |m|2dx)
o \2 € Q Q
+52/ |Vg05|2dx) ()
Q

<C(Ro) (E—i— (83/9 |0rpe |2 (t, ) dx) %> .

As a consequence
|€2|u;|2 — 2W(u5)| (t,7)

2
< C(Ro) <€+ (EB/ |5tsoe|2(t7x)> ) da + &2 (uZ| f21?) (¢, 7).
Q
We use Lemma 3.3 with to =t > t; to estimate the dyp.—term and Lemma 3.6 to
estimate the f/—term. We find that
| Jul]® — 2W (ue)| (¢, 7)

< C(Ro) ( +(Eeal) 4 (= [ 1001, )

for all r > Rg and all ¢t > t1.
Since t > to — % we may choose t1 € (tg — To,to — %1), and by the definition of
To we obtain
Ty

Taking the mean value over ¢, € (to — To,to — 3*), using Hélder’s inequality and
the energy bound for 0y, finally yields

[N

|e?[ul > — 2W (u.)| (t,r) < C(Ro) <6 +n7 + <€3/Q |0r | (t1, ) da:)

0

[¥fuel” = 2W ()] (t,7) < C(Ro) <€ +77 + <T£> 5 5) :

We define 7(Rg) by C(Ro)n? = €erit and choose go(to, o) small enough in order
to conclude. O
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Remark 4.2. As a byproduct of the above proof we obtain

T
/0 €22 = 20 () |y, (8t < C(RO)e.
Definition 4.3. For any Ry > 0 we redefine N(Ry) by N(n(Ro)), and we let

A(Ro):= |J  (to—To(to, Ro), to + To(to, Ro))
0<t¢N(Ro)

and note that its complement in [0,7] consists of only finitely many points. We
choose an increasing sequence of open sets B = B,, that are compact in A(Ry) and
such that A(Rp) = |J Bm.

Furthermore we define for any Ry > 0 and any A € (A, AL;,) the efree
boundary

To(Ro, A) :={(t,r) € (0,T) x (Ro, 1] | ue(t,r) = A}.

Corollary and Definition 4.4. For any Ry > 0 there exists A\. = A.(Rp) €
(Aot M), such that for any B = B, as in Definition 4.3 and for any e <

eo(B, Ry) the set
Te(Ro, Ae) N B x (R, 1]
consists of a collection of graphs

rt . I' € B— (Ry,1) fori=1,..., M.,

€

with vt > 1t and rl = Ry on OI' N B. In addition, M. < C(Ry) and
)Pdt<C
[, X gt < o)

Proof. By Proposition 4.1 all level sets with value in the region (A, AE.) are
graphs. So we may define r%(¢, \) by uc(¢,r%(¢, A)) = A. Using the co—area formula,
the bound for ‘1—,| given by Proposition 4.1 and the energy bound for d;u., we can
select a particular value \. € (A, A ..) so that 7¢(¢, \.) is uniformly bounded in

crit? “terit
H'2? as follows:

//”"thr (t,\)[? d/\dt<// et )
W (ue)>cerit |u (t T)l

crit

Lt // D2 dedt < C(Ry)  for & < eo(B, Ry).
IIUEIILw
Then we define for any Rq the set A(B) :={X| >, [5[Fi(t, A)| dt < C(Ry) for all
€ < eo(B, Ro)} and show that A(B’) C A(B) if B C B’ and that [A(B)[ > co(Ro).
Thus we may choose \: € (5 A(B), and we define r’(t) := ri(t,\.).

Proposition 4.1 and the Neumann condition for wu. imply furthermore that this
level set will never hit 9. In addition, combining Proposition 4.1 and the bound
for the energy, we find that the number of interfaces is uniformly bounded. O

Definition 4.5. Let Ry and B = B,, be as in Definition 4.3. For r > Ry and
t € B we define

st Uitn) =mueltr) and s = =2 (=1, M),
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Next we define 7 = 7. to be either 0 or 1, according to whether u. is close to a or b
on 0f2. This is locally constant in time. In addition we define the stationary wave
solution @ : R — R by

Q” _ WI(Q), Q(—OO) =a, Q(+oo) =, Q(O) =d,

and Q:(z) := Q(z + ue), where p. is such that Q(u:) = A\e. We choose a smooth,
increasing function = with Z(z) = 1 if z > 1 and Z(z) + Z(—%) = 1. Furthermore
we define the first order approximation

ME . . ME . . .
Velt, Z) = Z E;(tv Z)V;(t, Z) = Zaé(tv Z)QE ((_1)1—“—5 [Z - Z;(t)]) )
i=1 =1

where Z¢ is a partition of unity, given by

i i+1
. = (z _ W Tz ) ®) +225 ®) ,if 2 < 2i(1),
Zi(t,z) = ; 1
€ 7 t 1 t X
E(—ZE( e ()—z), if 2 > 24(2),

fori=2,....,M. — 1, and by
L) + 22(¢
= (2—725() Zs()), if,z<z51(t)7

if z > 2L(t),

=1
E(t,z) =

if 2 < 2Me(t),

1
=M e ’
e (t2) = {E (zé”s(t)+2z?4€’1(t) _ Z) L if 2 > 2Me(t).

Lemma 4.6 below implies that this is well defined.
Finally we define the difference

Yo :=U: - V..
In the remainder of this section we will show that Y. is small.

Lemma 4.6. Let Ry and B = B,, be as in Definition 4.3. Then there exists a
constant M (cerit), that converges to zero as cerit goes to zero, such that for all
e < eo(B, Ro)

Slép H}/EHLDO(RO/EJ/E) < M(Ccm‘t)

and
1

M(Ccrit)
fori=1,.... M. — 1. In addition, for almost allt € B

sup |2 — 27| >
B
|22 — 22| — oo
Proof. Proposition 4.1 implies a differential equation for U,:

|UL| = /2W (U.) + K.,

where [|K.||p~ < cerit and [ ||Kc||z~ < C(Rp)e. Lemma 4.6 follows by direct
integration of this equation. O
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Remark and Definition 4.7. The difference Y. satisfies the differential equation

Vet+Ye
Y+ W (Vo)Ye = G — H. — W"(A) (Ve + Yz — A) dA,
VE

where

-1
Ge(t,2) = [—azatug +e2l ul — 52u5|fé|2] (t,e2)

and

Hei=) <<5;>~v;' +2(20) (V2

i

Vi

€

VE
HEWI(VO(VE= VO +E0 | WPV =) d>\> :

In addition, Y.(¢,2%(t)) =0 for i = 1, ..., M..
Lemma 4.8. Let Ry and B = By, be as in Definition 4.3. Then for e < eo(B, Rp)

1/e
// |Ge|?dz dt < C(Rg)e®?,
Ro/e

and fori=2,.

//(t A |2dzdt<C(R0)/ mdt’

2iTNt) pVetYe
/ / / W) (V + Yo — N)| dA |Y] dzdt
B Jzi Ve

2zl (1)
< C(Ro)M(cerit) / / VL[ dedt,
B i)

and the same is true for i = 1 and i = M, + 1, when formally setting 0 = 1 and

rMe+1l = Ry, and hence 20 = g and zMe+1 = 50,

Proof. The first inequality follows from the bounds derived in Remarks 3.1 and 3.7.

The second inequality follows directly from the precise knowledge of the station-
ary wave solution ) and of the partition of unity =. Indeed the sum is only taken
over two integers at a time, and in the support of (Z%)' N (2%, 2:71) the difference
|VE — V:i=1| is bounded by = < —

The last inequality is stralghtforward since [|Yz |l poo (px (Roje,1/e)) S M (cerit) by
Lemma 4.6. O

Proposition 4.9. Let Ry and B = By, be as in Definition 4.3. If ccrir is suffi-
ciently small and \_;, and \!., are sufficiently close to d, then there are positive
constants 1 and ne such that for any i = 2,..., M,

27 27N
YPdetm [ vEas

()
[ e wrva ez |
2L zE(t)

i@ 2L (1)
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and

1/e 1/e 1/e 1
/ Y+ W (VY] Yadz > ) / VP [ V2dr— (VY
zL(t) zL(t) zL(t) £

and

Me (1)
/ =Y + W (V.)Y.] Yo Z d2
R

o/e
=M (1) 2 (1) 1w
zm/ |YE’|2Zdz+n2/ Y2Z dz — —/ Y2Z" dz
Ro/e Ro/e Ro/e

for any smooth, positive test function Z with Z(52) = Z'(82) = 0.
Proof. This proposition follows from an idea of Berger and Fraenkel (1970). We
sketch the proof for the first inequality: Define I := {z | W"'(V.) < ma}. If copits

d— X, and A} .. —d as well as 1 are sufficiently small, then by Definition 4.5 and
Lemma 4.6

crit

I = [J(=4(t), 2L(8) + 1) U (271 () = 17, 2271 (1) + o(1),

where (=1~ ) ={z | W"(Q) < 0}. The o(1)-term converges to zero with cqr,
d— X, and AF ., —d and 1, independently of . Consequently

crit

[ w2y de= [P ds o fminw) [ 2dstne [ ¥2a:
I

1
> (1 - <§ max?(17,17) + 0(1)) (2 + |minW”|)> /|YE’|2dz + 12 /Yf dz,

where we have used the fact that by construction Y (¢,2:71(t)) = Yo(¢,2i(¢)) = 0.
It turns out that 1 — 3 max?(I~,1")| min W”| is positive, and thus the proposition
follows. For more details, we refer to the appendix of [BSt]. O

Proposition 4.10. Let Ry and B = B,, be as in Definition 4.3 and assume that
Cerit 18 sufficiently small and N ;, and X', are sufficiently close to d. Then for
t=2,...M. and any B' C B

Cri Cri

2

g
Y ., Z dtSCR (/ - X dt+£3/2>7
/ IV (t ) 3 oty 2 o) B\ J,, 70 R

2

9
Vet )| oo (o ) 2i-1 ey dE < C(R </ — ‘ dt+€3/2)'
/B’ 5 ||H1 (zi(t),ze (1)) ( O) . |r€ 1 t) —Té(t)|2

(
The same is true, if a) (2L(t), 2E71(t)) is replaced by (2L(t),1/e) and the right hand
side by C(Ry,8)e? and B’ is any set where L 1 -zt > 5, or b) (2L(t), 2E7L(t)) is

€

replaced by (R°+5 2Me () and the right hand side by C(Ry,8)e2 and B’ is any set

>4
where zMe (t) — RO:% > 0.

Pr_oof. We multiply the differential equation in Remark 4.7 by Y; and integrate over
(2(t), 2571 (t)) or (21(t), 1) or (Bet2 M- (¢)), resp. In the first case we use the first

€

estimate of Proposition 4.9 to obtain the lower bound of the left hand side. Holder’s
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inequality and Lemma 4.8 imply the bound for the right hand side. In the two other
cases we apply the second or third inequality of Proposition 4.9, resp. In the second
case the extra boundary term is exponentially small. In the third case the extra term
(we choose Z as a smooth cut—off function with supp Z’ C (&El, &Ei‘;)) is bounded

by C;—i I5 féf;’jé)/g |Y-|?dzdt. But in the set of integration V. is exponentially

close to a or b, which in return implies that |Y;| = |U. — V| < C/W (U.). This
implies that the extra term is of order £2.

This proves the first part of this proposition.

Since Ry is positive the problem is one dimensional, and the H':**-norm can be
controlled by the H?2-norm. But this norm can be calculated using the equation
and the estimates already obtained in this proposition. O

5. PASSAGE TO THE LIMIT IN EQUATION (E2)

In this section we derive the limit equation of (E2). First we define the limit
interface.

Definition 5.1. We choose a sequence Ry — 0. For any Ry > 0 in this sequence
we define the limit interface I'(Ry) as follows.

Let A(Rp) be as in Definition 4.3. Then by Corollary 4.4, we know that for a
subsequence € — 0 there exist limits

7 o I'"C A(Ry) — (Ro, 1) fori=1,..., M,

such that ri — 7 strongly in Cf) (A(Ry)) and ri — L7 weakly in L7 .(A(Ro))

for i = 1,..., Mp. In addition, 7#* > #*! and #* = Ry on 9I' N A(Rp). So we set
I'(Ro) == {(t,r) € A(Ro) X (Ro,1) | r =7*(t) for some i € {1,..., Mo}}.

(We note that by a diagonal argument the above subsequence can be chosen in-
dependently of Ry.) Now let (tg,79) € T'(Rp) be arbitrary. Then there exists a
minimal k such that rqg = 7 (ty). We define the multiplicity mo(to,70) to be the
number of e-interfaces ri(ty), which converge to rg. Because the e-interfaces are
locally uniformly bounded in H?, there exists a neighbourhood (t1,t2) of ¢y, such
that for i =k, ...,k +mg — 1,

ré — 7 uniformly in (t1,¢2) and weakly in H?(t1,2)
and for some § > 0 and ¢ < g¢(to, 70)
rk kL >§  and  pFtmo _pktmo=ls 5 uniformly in (t1,t2).

If mo(to, 7o) is odd, we define the normal v(tg, ) by sgnu’(to,7*(ty)), which for
e < go(to, r0) does not depend on ¢ as a consequence of Proposition 4.1 and since u,
has a limit in L' (cf. Remark 3.2). If mq(to, o) is even, we define v/(tg, o) := 0. We
note that v gives the direction of the jump in the whole neighbourhood of (¢1,t2).

Proposition 5.2. Let (to,79) € T'(Ro) be an interfacial point, and let k, t1 and to
as well as mo(to,70) be as in Definition 5.1. Then

Mot rd o on—1

Z (Erl + — > =0 almost everywhere in (t1,t2).
/r'L

i=k
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Proof. We write the differential equation (E2) in the rescaled variable z, multiply
by U! and integrate. Using the approximation of Section 4, we can pass to the limit
in all terms. For the f.—term, we use the fact that V f. is uniformly bounded in
L2. For more details we refer to the Appendix. O

Corollary 5.3. The graphs ¥ : I' C A(Ro) — (Ro,1) with i = 1,..., My as in
Definition 5.1 move by mean curvature:

d -1 ,

—7 + i —— =0 almost everywhere in I".

dt T
For any i =1, ..., My the multiplicity mo(-,7) and the normal v(-,7*) are constant
along the i—th interface in any connected component of A(Ryp).

We call interfaces with v # 0 true interfaces, whereas those with v = 0 are
“phantom”-interfaces, since they do not separate different phases of wuy.

Proof. Consider a set of time points where a fixed collection i = 7, .., [ of e—interfaces

have the same limit: 7/ = ... = 7. Then almost everywhere in this set, the

derivatives with respect to time of the limit interfaces # coincide and Proposition
5.2 implies the first result. Since all the interfaces move by mean curvature, they can

never meet, and so the multiplicity and the normals have to be locally constant. [

Lemma and Definition 5.4. Let tg ¢ A(Ry). Then for all i € {1,..., Mo} with
OI' N A(Ry) = 0 and limg 4, v(s,7(s)) # 0, there exists j € {i,..., Mo} with
limg~ t, v(s,7 (s)) # O such that

i _ . —j
s<t01g1—>to (s) = s>t101g1—>t0r (5),

i.e. any true interface has a continuation across points to ¢ A(Ro). Therefore we
may define continuous

R/ : D7 c (0,T) — (Ro,1) forj=1,.., M),
that are given through renaming
RI(t) == 7(t).

Herei = i(t, ) is piecewise constant in t, the domains of definition D7 are connected
open intervals, 17 1= v(t, RI(t)) are constant for t € D7 and R/ (t) < RI=L(t) in
the intersection of D7 and D7~!.

We define the collection of true interfaces

I'(Ro) := {(t,r) € (0,T) x (Ro,1) | r = RI(t) for some j =1,..., Mg} .

(We note that TV does not depend on the subsequence selected in the preceding
Definitions and Lemmata, but only on the limiting order parameter ug selected in
Remark 3.2.) Finally we obtain dyu3 € L*(0,T;[C°((Ro, 1])]*) and for almost all t
the formula

M

(Oeug(t,-). Q) =Y _(b” — aQ)%Rj(t)(Rj)"_l(t)C(Rj(t))

j=1

for any ¢ € C°((Ro, 1]).
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Proof. The energy estimate implies the following weak Holder continuity of the
limiting order parameter uo (cf. Remark 3.2):

/ luo(t, ) — o (s, )| dz < Clt — s[%.
Q

This implies that true interfaces have continuous continuations at all time points.

|
Theorem 5.5. For j =1,..., M{, let R be as in Lemma 5.4. Then
d_. n—1 )
j - in DI
dtR + T 0 n D7,
Proof. Continuous functions that are piecewise H':2 are globally H'? and thus
this theorem follows from Corollary 5.3 and Lemma 5.4. |

6. PASSAGE TO THE LIMIT IN EQUATION (E3)
In this section we derive the limit equation of (E3).

Remark 6.1. We want to describe a local situation that contains at most one inter-
face. Let ¢ be a smooth test function with compact support in (0,7") x (0, 1]. For
any such (, there exist Ry > 0 and some 0 < 77 < T3 < T such that supp ¢ C
(Th,T2) x (Ro, 1). Since (0, T)\A(Rp) is finite, we will assume without loss of gen-
erality that there is at most one to € (0,T)\A(Rp) N (T1,T2). Moreover, we may
assume without loss of generality, that I (Ro)Nsupp ¢ = {(t,r) | r = R/ (t)}Nsupp ¢
for some j = 1,..., M{, and that dist (I"(Ro)\ graph R?;supp ¢) > 0.

Lemma 6.2. Let ¢ and Ry, Ty, Ty and tg be as in Definition 6.1. Let t1 and ty be

any two points with Ty < t1 < tg < ta < Ts. Then there exists A\ € (a—l—bfT“, —bfT“)
such that
a, ifue < A,
Xa(tax) = f coE
b) Zf uE > )\Ea

is uniformly bounded in BV (Qr) and

//|8t, V)xe|dadt < Clts —t1)2.

Proof. This is a consequence of the estimate

/ /|8t, g(uo)|dzdt < C(ty —t1)?2,

which itself follows from the energy bound (cf. Remark 3.2). We stress that A\. may
depend on t; and to, but C' does not. (|

Theorem 6.3. Let ¢ be a smooth test function with support in (0,T) x [0,1]. Then

T T T
—/ (@u%,fog‘)dt—//u%foatg‘dxdt—i—//u%Vfo-VCdxdt:O.
0 0JQ 0JQ

Proof. First we assume that supp ¢ C (0,7T) x (0,1] and Ry, T3, Ta, to and j are
as in Remark 6.1. We multiply equation (E3) by (:

/OT/Q uOufeC dodt = /O T/Q div(u2V f.) ¢dwdt = 0.



4948 LIA BRONSARD AND BARBARA STOTH

We integrate the second term by parts and pass to the limit as ¢ — 0.
Next let 1 and to be any two points with 17 < t1 < tg < to < Ts. For the first
term we split the integral over (77, T») into three parts: (T1,1) U (t1,t2) U (t2,T3).
We start with the interior integral over (t1,t2). We write u? as x2 + (u2 — x2),
where x. is as in Lemma 6.2. Since |u2 — x2?| < Cy/W (u.), the energy bound
implies that the term with (u2 — x2) is uniformly bounded by C(t; — t5)z. We
integrate the y2—term by parts:

12
/ / 200 foC dedt
t1 Q

to ta
:—/ /thgfsg‘da:dt—/ /ngsat(da:dt+/x§fs(da:
t1 Q t1 Q Q

By Lemma 6.2 the first term is bounded by C(ty — tl)%. The second is bounded
by C(ta —t1). We will combine the boundary terms with the corresponding terms
of the other time intervals (see below).

Now we study the integral over (t2,T3). We write u2 as v + (u2 — v?), where
ve(t, ) := V(¢ 2) is given by the approximation V; of U, defined in section 4. The
energy bound implies that the term with (u? — v?2) is bounded by

C<//|U5—VE|2dzdt) ,

where integration is over the rescaled support of (. Then Proposition 4.10 implies
that this term converges to zero. We integrate the v2—term by parts:

Ts 1
wn/ / v?@tfsér”_l drdt
to Ro

T2 1 T2 1
= —wp / 8tv§fsg“r”_1 drdt — wn/ / vffsatCT"_l drdt
to ta Ro

Ro

to

ty

Ts

1
+ wn/ v?fsg“r”_l dr

Ry

ta

Since f. converges strongly in L?(Q7) (cf. Lemma 3.5), f/ is uniformly in L?(Q7),
and v, is given explicitly, we may conclude that the first term converges to

T>
- wn/ b — a?) (—%Rj(t)) (RI()" ™" (fol)(t, R (1)) dt

ta

Ts
__ / (O, £oC) dt.

to

The details of this convergence are in the same spirit as the arguments of the proof
of Prop. 5.2 presented in the Appendix. The second term converges to

T2 1 T2 1
—wn/ / u%foatgr"_l drdt = — / / u%foatg drdt.
to Ro to 0

We combine the boundary term with the corresponding term from the intergration
over (t1,t2). The result converges to zero for almost every ¢, since v. — x. converges
to zero almost everywhere.

The same arguments apply for the integral over (77, ¢1).
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Finally, choosing a suitable sequence of points t; and to with to —¢t; — 0 proves
the theorem for any ¢ with compact support in (0,7) x (0, 1].

In case of an arbitrary test function { we approximate it through (ngr,, where
MR, 1s a smooth cut—off function with support in B;(0)\Bg,(0) and gradient such
that Vg, is only non—zero in Bap,\Bg,(0). We find that

T T
_ /0 (Ol foCrry) df — /0 /Q 2 fods (Cnmy) e d

T
+//ugio-V(CnRO)da:dt=O.
0Ja

Since V fo € L?*(Qr) and V(¢ngr,) — V(¢ in L?(Qr), the third term converges to
the expected limit as Ry — 0. The second term converges also, since g, does not
depend on time. In order to handle the first term we use Lemma 3.8. It implies
that

T T
go/ / |Opuo| dz dt < liminf/ / 10:g(ue)| do dt < CR2,
0 JBag, €0 Jo JBsg,

and consequently fOT<8tu%, foCnr,) dt — fOT<8tu(2J, fo) dt. This finishes the proof.
O

Remark 6.4. The differential equation of Theorem 6.3 is a suitable distributional
formulation of

ugatfo — div (ugio) = O,

together with the Neumann—condition for fj.
If 0,fo € L?, then this distributional formulation implies the jump condition
[ugV fo]|. - ¥ = 0 on the interface T

Remark 6.5. It is also possible to derive the jump condition in the formal context
of [RSK]. In fact, in taking the tangential component of (4.9) in [RSK], which
is obtained by setting ¢ = Re with R being u and with e = (cos f,sin f) in our
notation, and using the 7n—time scale of [RSK] (which is the one studied in the
present paper), we arrive at

eRO;f =e(2VR-V [+ RAY).
The idea now is to multiply this by R and to write the right hand side as a derivative:
eR?*0,f = e div (R?V).

Now it is a well established strategy to expand R and f in the interfacial region
as R(t,z) = RO(t,z,8) + eR(t,2,8) + ... and f(t,z) = fO(t,2,5) +efl(t,2,8) +

.., where z = 22 ig the rescaled signed distance d(t,z) = tdist(x,T) to the
interface I" at time ¢, and s = s(t, z) is a tangential variable. In doing so, we assume
that the variation of R and f in the transition region is only large in the orthogonal
direction to the interface. The construction implies that to leading order in e the
spatial derivative V d is the normal to the interface I" and thus independent of z
with |V,d|? = 1, whereas Vs is tangential to the interface T', so that V,d- Vs = 0.
Since f does not jump across the interface, f° does not depend on z. We proved this
in Lemma 3.4 even without the assumption of radial symmetry. Thus the leading
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order term of the left hand side is of order ¢, so that the order 1 term of the right
hand side has to vanish:

9: (R°)* (85 f°Vas + 0.f'Vad)) - Vod = 0.
Using the identities for Vs and V,d, this simplifies into 0, ((R0)282f1) = 0.

Integration implies

(R0, 1|7~ =o.

Z=—00

Matching the interfacial solution to some outer expansion implies that R°(4-00)
are the bulk values of R from either side of the interface I', whereas 0, f!(£o0) are
the values of V f - v. Thus we find the jump condition on the interface.

CONCLUSION

We have studied the singular limit of a vectorial Allen—-Cahn equation with a
potential vanishing on concentric spheres and the order parameter ¢ ranging in a
half plane of R2. Assuming radial symmetry in space, we have established a priori
bounds for the modulus v and the polar angle f of . In addition we have shown
an error estimate for the difference between the exact solution u and a properly
rescaled travelling wave solution. This enabled us to rigorously determine the limit
problem: the mean curvature flow for the interface and a harmonic map flow for
the polar angle.

Many of the above results remain true for higher dimensional order parameters.
Writing ¢ = u e with a unit vector e, the original equation transforms into

1
edyu — eAu + EW/(U) = —cu|Vel?,
u?0e — div u*Ve = eu?|Vel|>.

It is again possible to show that any half space is an invariant region. Assuming that
the data initially lie in one half space, we consequently obtain that « never vanishes
and e is well defined. With this assumption we can introduce polar coordinates
and derive all estimates of sections 3, 4 and 5 in this higher dimensional case. In
particular, we can deduce the mean curvature flow for the interfaces.

In section 6 we strongly used the fact that the harmonic map flow is a linear
equation in the polar angle ¢. This is no longer true in the higher dimensional case.
One has to deal either with the nonlinear term eu?|Ve|? or (after multiplication by
a suitable tangent vector) with products of the form u2d;e’ e/. Since we have only
very little control on the time derivative of e, it has not been possible to pass to
the limit in any of these terms.

APPENDIX. PROOF OF PROPOSITION 5.2

Proof of Proposition 5.2. We write the differential equation (E2) in the rescaled
variable z:

n—1 1 1
e0iUs — — Ul = . Ul —w'U.)) - gUE|F;|2.
We multiply this by U. and integrate over (o, 3) := (25(t) + £, zmoth=1(1) — 2),

where ¢ is as in Definition 5.1. We multiply the result by a smooth test function of
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time ¢ with compact support in B:

/gg/ o UUL dz dt — / / |U’|2dzdt

B8
SIS 51(—|U;|2—W<U5>) it - / & [ vwlrpaza
B € \2 o B € Ja

We claim that the limit of the right hand side vanishes. Indeed, the first term on
the right hand side converges to 0 because Proposition 4.10 implies that at o and
(3 we may replace U, by V¢, thereby only making an error of order £,/c. We rewrite
the second term on the right hand side in the original variable, then integrate the
result by parts and use the differential equation (E3):

é/jUEUQFQQdZ:E/uau’5|f;|2dr: g/( 200 Fldr — Sl
_E/Ugatfafg’dr—/ 2t =Ly € fa

where integration is over (rmoT5=1(¢) — & rk(t) + 2). Thus the second term of the

right hand side of (%) converges to 0 as a consequence of the energy estimate and
Remark 3.7.

The second term on the left hand side of () will give the curvature term. First
we may replace U, by V., because

// V)| dz dt
8 8 z
< // U — V| d dt // ULV dzdt |
BJa B Ja

and by the estimate of Proposition 4.1. We introduce the following notation:

mo+k— mo+k— mo+k—1 , ; i i i
(a,m:(aﬂ M 1—1)u U (26+Z€+1—1,26+Z€+1+1)

)

(SIS

2 2 2
i=k—1

mo+k—2 i i+1 i—1 i k k+1

zg + 2 ze ~t 2z, z; + z;
1 —-1jJUu|——+1
- U < 2 T2 ) ( g b
i=k—1
mo+k—1 mo+k—2
= TmeaU |J G U | Tn UT

i=k—1 i=k—1

Thus in 7T; the solution V; is well approximated by the stationary wave solution,
whereas C} is the region where two stationary wave solutions are matched together.
We divide the integral over (a, 3) as above. Then the integral over any C; gives 0
in the limit, because V! converges pointwise to 0 in C; and is uniformly bounded.
1 by & v T t), and since r¢ converges strongly to 7,
and [, [V!]? dz converges strongly to the constant gg, the limit of the second term
of the left hand side of (%) is

1

_/ g(t)gomoi_ L
B — (1)
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In the first term of the left hand side of (x), the strategy is to replace U, by V.
everywhere, thereby only making small errors. We first replace U! by V., which is
possible due to the energy bound and Proposition 4.10. We integrate the result by
parts with respect to time. Clearly the term involving 9;§ converges to 0, and so
does the term involving 6 and ¢, because V. is exponentially close to 0 at « and £.

So we are left with determining the limit of | 5 &€ ff U:0,V! dz dt. We integrate this
by parts with respect to z. The resulting boundary term converges to 0 because
V! is exponentially small at a and . In the remaining term we may replace U, by
V!, as a consequence of Proposition 4.1.

In order to calculate the limit of | =3 / f V.0, V. dz dt, we divide the integral
over («a, 3) again according to the above partition. We find that

/g V!0, V. dzdt = — /g E/| Y|?dzdt
B Tz dt

— = [ engra
because L1t converges weakly to 47, and Jz, [(V2)'|? dz converges strongly to go.
For z € C; we find the formula V. = ZLV + ””‘1VZ+1 = ZL(VE — Vit 4 vt
and thus
EatV — ’—‘1 (VZ) d i _ =i+l (V”‘l)’iri‘f‘l (r—n )lli(r + rz-‘rl)(vi _ Vi-‘rl)
: at'c T Ve s 2dt = e n

Thus |, c |ed; V. |? dz converges strongly to 0, because in the partition region B x C;
the difference V¥ — V*1 and the derivatives (V)" and (VI*1) converge strongly
to 0 in L2, whereas the %7‘2 are uniformly bounded in L?*(B). This implies the
proposition. O

ACKNOWLEDGMENT

This work was partially supported by the Army Research Office and the National
Science Foundation through the Center for Nonlinear Analysis, the Canadian Re-
search Council (NSERC) and the German Research Foundation (DFG) through the
SEFB256.

REFERENCES

[AL] H.W. Alt and St. Luckhaus (1983), Quasilinear Elliptic—Parabolic-Differential Equations,
Math.Z. 183, 311-341. MR 85e:35059

[BF] M. Berger and L. Fraenkel (1970), On the Asymptotic Solution of a Nonlinear Dirichlet
Problem, J. Math. Mech. 19, 553-585. MR 40:6030

[BK1] L. Bronsard and R. Kohn (1990), On the Slowness of Phase Boundary Motion in One
Space Dimension, Comm. on Pure Appl. Math. 43, 983-997. MR 91f:35023

[BK2] L. Bronsard and R. Kohn (1991), Motion by Mean Curvature as the Singular Limit of
Ginzburg-Landau Dynamics, J. Diff. Eq. 90, No. 2, 211-237. MR 92d:35037

[BR] L. Bronsard and F. Reitich (1993), On Three-Phase Boundary Motion and the Singular
Limit of a Vector-Valued Ginzburg-Landau Equation, Arch. Rat. Mech. Anal. 124, 355—
379. MR 94h:35122

[BSt] L. Bronsard and B. Stoth (1997), Volume Preserving Mean Curvature Flow as a Limit of
a Nonlocal Ginzburg—Landau Equation, STAM J. Math. Anal. 28, 769-807. CMP 97:13

€] Y. Chen (1989), Weak solutions to the evolution problem for harmonic maps into sphere,
Math.Z. 201, 69-74. MR 90i:58030

[CS] Y. Chen and M. Struwe (1989), Existence and Partial Regularity Results for the Heat Flow
for Harmonic Maps, Math.Z. 201, 83-103. MR 90i:58031



(L]
[RSK]
[S1]
[S2]
[St1]

[St2]

THE SINGULAR LIMIT OF A REACTION-DIFFUSION PROCESS 4953

St. Luckhaus (1990), Solutions of the Two Phase Stefan Problem with the Gibbs—Thomson
Law for the Melting Temperature, Europ. J. Appl. Math. 1, 101-111. MR 92i:80004

J. Rubinstein, P. Sternberg and J. Keller (1989), Reaction—Diffusion Processes and Evo-
lution to Harmonic Maps, STAM J. Appl. Math. 49, 1722-1733. MR 91¢:35071

P. Sternberg (1988), The effect of a singular perturbation on nonconvex variational prob-
lems, Arch. Rat. Mech. Anal. 101, 209-260. MR 89h:49007

P. Sternberg (1991), Vector-valued local minimizers of monconvexr variational problems,
Rocky Mt. J. Math. 21, 799-807. MR 92e:49016

B. Stoth (1996), A Sharp Interface Limit of the Phase Field Equations: One-dimensional
Axisymmetric, European J. Appl. Math. 7 (1996), 603-633. CMP 97:06

B. Stoth (1996), Convergence of the Cahn—Hilliard Equation to the Mullins—Sekerka Prob-
lem in Spherical Symmetry, J. Diff. Eq. 125, 154-183. MR 97¢:35084

DEPARTMENT OF MATHEMATICS, MCMASTER UNIVERSITY, HAMILTON, ONT. L8S 4K1, CANADA
E-mail address: bronsard@math.mcmaster.ca

TAM, UNIVERSITAT BONN, 53115 BONN, DEUTSCHLAND
E-mail address: bstoth@iam.uni-bonn.de



